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Abstract 

The integrable XXZ model with a special open boundary condi- 
tion is considered. We study Sklyanin transfer matrices after quantum 
group reduction in roots of unity. In this case Sklyanin transfer ma- 
trices satisfy a closed system of truncated functional equations. The 
algebraic reason for the truncation is found. The important role in 
proving of the result is performed by Zamolodchikov algebra intro- 
duced in the paper. 



1 Introduction. 

We consider the integrable XXZ model with a special open boundary condi- 
tion. Its Hamiltonian 

TT + - - + cosh(r7) ^ smh.{r]) ^ ^ 

tixXZ = 2^ K ^n+l + + ^ + ^ (^^n " 0^n+l)J- 

n=l ^ ^ 







This Hamiltonian is invariant under quantum algebra Uq{sl{2)) , whose gen- 
erators X, Y and H satisfy the following commutation relations 



[H, X] = X, [H, Y] = -Y, [X, Y] = [2H] 
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where the function [x\q = '^q_q-\ and q = . We have following representa- 
tion for X, y, and H in the terms of Pauli matrices : 



N 



X = ^ giK+-+<-i)a+g-5K+i+-+'^^) 

n=l 



H = y^. 

n=l ^ 



n=l 
TV 

n=l 

N 



We concentrate on the case where (f'^^ = — 1. It is known ||T|,pl that if 
(f^^ = —1, then X^"*"^ = and = 0; we can therefore consider the 

subfactor space 

Vp = KerX/ImXP. 

The result of the restricting the XXZ model on Vp is the Minimal Model of 
Integrable Lattice Theory LM{p,p + 1) [0, 0. The thermodynamic limit 
is the ordinary Minimal Model of CFT M{p,p +1) [Q with the Virasoro 
central charge c = 1 - [0]. 

The XXZ model is integrable 0, and as shown by Sklyanin 0, there 
exists a family of transfer matrices which commute with the Hamiltonian 
and between themselves. The Sklyanin transfer matrices are also Uq{sl{2)) 
invariant 0. Therefore, they can also be restricted on Vp .As shown in 0, a 
result of this restriction is the truncation of the fusion functional relations 
for the transfer matrices. This statement was proved in using T-Q Baxter 
equation. In this work we prove this fact more directly and algebraically. 
Namely, we prove that if g^"*"^ = — 1, then the Sklyanin transfer matrix tp/2{u) 
with the spin j = p/2 in theauxiliary space vanishes after the restriction on 
Vp because 

tp/2{u) = X^M + XX, (1) 
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where M and are some operators in the quantum space. 
In another words, 

tp/2(M) = (mod KerX/ImXf). 

Then as it follows from Eq. (|l]) that the fusion functional relations are 
truncated and transformed to a system of functional equations that can be 
used to obtain the eigenvalues of the transfer matrices. 

This paper is organized as follows. 

In Sec. 2, we recall some basic formulas that are necessary for introducing 
the Sklyanin transfer matrices in Sec. 3. 

In Sec. 4, we show how to obtain the operator X from a Sklyanin mon- 
odromy matrix. 

It will allow us then to obtain commutation relations between the genera- 
tors of the quantum algebra Uq{sl{2)) and the Sklyanin monodromy matrices 
in Sec. 5. 

In Sec. 6, 7, 8, we express the L operators in terms of the generators of 
the Zamolodchikov algebra and obtain commutation relations between these 
new operators and the generators of the quantum algebra Uq{sl{2)) . 

In Sec. 9, we rewrite the Sklyanin transfer matrix in the new variables. 

In Sec. 10, we introduce the operator adX. 

In Sec. 11, we write down some useful properties of adX. 

In Sec-s. 12andl3 we prove (|1|) which is our main statement 
( the ad X theorem) . 

2 Yang— Baxter equation. 

The integrable structure of XXZ is confined in the well-known equation 

RZ{u-v)L'^,{u)L^{v) = Ll^{v)Ll{u)B':^{u-v), (2) 

where L is a monodromy matrix whose entries (n, m = 1, ...,2j + 1) 
are operators acting in the so-called quantum space, which is a tensor prod- 
uct of two-dimensional linear spaces in our case. The dimension 2j + 1 
of the so-called auxiliary space can be different, strictly speaking we should 
write something like (Lj)^ instead of and {Rjij2)bm instead of R^m^ but 
sometimes for simplicity we do not do that and assume that everything is 
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understood from the context. The -matrix acts in a tensor product of 
two auxihary spaces and satisfies to the Yang-Baxter equation 

RZ{u - v)Rt{u)R^:{v) = RZ{v)RZ{u)R^{u - v) 
and the unitarity relation 

The monodromy matrix L can be reahzed through an N-uple product of 
i?-matrixes. 

L{u) = Rn{u) ■ ■ ■ Ri{u), 

here a comultipher i?„ stands for the i?-matrix acting in a tenzor product of 
the auxihary space and of the n-th comultipher of the quantum space. We 
need the related matrix L^{u), 

U{u) ^ Ri{u) ...Rn{u) - L-\-u). 

It is easy to show that 

where ^j(ii) = (l)i/2j{u)(f)i/2j{—u). Using this equality, it is possible to obtain 
the formulas 

RZ{u-v)L^{vmu) = Lt{u)Ll{v)R'^{u-v) (3) 
L:{u)L^{v)Rr,{u + v) = R:!^{u + v)LUv)Lt{u) 

In our case, the i?-matrix 

R(v) = ( + (l + smh{r])F \ 

^ ^ V sinh(r;)^ smh{u + ^ - H)r]) J ' 

The E, F, H are generators of the quantum algebra Uq{sl{2)): [H, E] ~ 
E, [H,F] = -F, [E,F] = [2H],. 
In the representation with the spin j we have 

7Tj{H)mn = {j + I - u) 6rn,n, m, U = 1, 2, . . . , 2j + 1. 

where 

UJn = \/[n]q[2j + 1 - n]q. 
The spin j takes values from the set (0, |, 1, . . .). 
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3 Sklyanin transfer matrix. 

It was shown by Sklyanin in that if transfer matrices are defined as 

2j+l 
n,k=l 

where, as above 

then the transfer matrices commute between themselves, 

[tj,{Ui),tj^{u2)] = 

and with the Hamiltonian, 

[t,{u),Hxxz] = 

The basic transfer matrix ^1/2(1*) with the spin of the auxiliary space j = 1/2 
is related to the XX Z Hamiltonian by 



sinh(?7) rflogti/2(M) 
J^xxz — 



du 



sinh^fr]) 

— — coshlr?). 

2cosh(r/) 2 ^" 



4 Behavior of L as ^ ±oc. 

We consider the monodromy matrix in the representation with the spin 1/2. 
It is a 2 X 2 matrix whose entries are some operators. Using the expression 
of the monodromy matrix as an N-uple product of i?-matrices with same 
auxilary and different quantum spaces it is easy to obtain its behavior as 
u ±00: 

L{u^ +00) - 2 e I (g-g-i)X e^+^/^g-^ ) 



L{u-^ -00) = (_i)A'2-^e-("+^/2)(^-i) 
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The explicit expressions for Xq and Yq in terms of Pauli matrices can be 
derived from those for X and Y by changing q and cr* — > a"^ . The 

X, y, Xq, Fq and H are generators of the quantum affine algebra f/g(s/(2)). 
Namely, if we denote: Xi = X , i/q = Yq, xq = Xq, yi = Y, Hq = —hi = H, 
then the relations [xi,yi] = [2H]g, [xi,yj] = 0, [H,xo] = -Xq, [H,yi] = -yi, 
[H, xi] = Xi and [H, yo] = yQ are fulfilled as well as the Serre relations 

{adqXif Xj = 0, {adqyif yj = 0, 

where 

{(xdqXi^ Xj = XjXi ~t~ [SjgX^Xj (^2) Xj (^2) 

5 Transformation of LJ^ and Zj^ under the 
quantum group action. 

We consider the Eq-s. (|]) and (Q) in the limit as m ^ ±00. We take the 
monodromy matrix L{u) in the representation with the spin j = 1/2. We take 
the second monodromy matrix L{v) in the representation with an arbitrary 
spin j. The L{u) matrix in the limit yields the generators of the algebra 
Uq{sl{2)) with respect to the formulas in the previous section. We thus 
obtain the following commutation relations between the L^, L™, and the 
generators of Uq{sl{2)). We here write only those containing X and q^^: 

q^'Ll = q-'L-q'', (4) 

„H T n „k—nTn„H 



q2{3+l)-k-n^nj^ = 



(5) 



\-^^k-j-lfk H \-ln-j-2fn -H 

u;„_iA q J^n-iQ - ^fcA q J^k+iQ > 
where A = e'^ . 
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These commutation relations can be used to prove ([1|). However, this 
way is rather difficult, and we chose another one. Equations and (|^) 
show that elements of the monodromy matrix L are transformed under the 
quantum group like a composition of two representations of it. We therefore 
introduce a new algebra (which is just the Zamolodchikov algebra) such that 
each element or is a product of two generators and Eq-s. (0),(0) 
and d^) follow from the defining relations of this new algebra. Rewriting the 
Sklyanin transfer matrix tp/2(w) in terms of the generators of the new algebra 
we can easily prove our main statement (|l]). 



6 and as a composition of elements of 

the Zamolodchikov algebra. 

We introduce the Zamolodchikov algebra generated by the operators 9'^(u), 
Ol{u), 6j-{u) and ^^(m) , where j is any positive half integer and n = 1, . . . , 2j + 
l,with the following defining relations: 



<P,,,,{u-v)dl{u)dl{v), 
<Pnni^-v)9i^iv)ei^{u), (8) 



{Rnn)'2{u + v)ei\u)ei\v) = Xnni^^ + vmi^Wi^iv), 

0]iiuW^iv) = Pnni^ + v)e^^iv)eiiu), (9) 

where 4>jij2, Tjij^? Pjij2 Xjij2 some functions. These functions depend 
on the specific form of Rjij2 ■ For example (/(j^jv, is defined from the unitarity 
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equation and is equal to the multiplier in the r.h.s. of this equation. We don't 
know how to obtain the form of the three other fuctions in general case, 
but we can find the needed combination of them from the self-consistency 
requirement. The Zamolodchikov algebra is associative for arbitrary 0jij2) 
rj^j2 5 Ph32 Xjij2 provided only that the i?-matrix satisfies the triangle 
equation. A similar algebra was considered in ||^. 
It is easy to verify using (0)^0) that if 

{h)l{u) = 9';iu)9iiu), (10) 
then L and L satisfy the Yang-Baxter equations (||) and @. 



7 Transformation of 6^^ On and 6^ under 
the quantum group action. 

The following commutation relations between , and the generators of 
the Zamolodchikov algebra,which follow from (|7D-(p^, are sufficient for our 
purpose: 



RZ{u-v)L\{u)9f{v) = e]{v)L:{u)<j,{u-v), (11) 



R'::iu-v)ei^iv)Lliu) = <jyiu-v)L:iu)eiiv), (12) 



RZiu-v)efiv)Lliu) = L:{u)e-{v)<P{u-v), (13) 



R^{u - v)Ll{u)ei{v) = <P{u-v)ei{v)Ll{u). (14) 

Here we write Li as just L , _Ri • as R and set0(-u) = (piAuJriAu). We 
already know how to obtain the operator X from L{u). Having taken the 
limit u — > ±cxo we can obtain the commutation relation between X and 6. To 
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do this we must know what the function (f){u) is equal to. But the function 
depends on the function ri (-u), which is unknown. Actually, we only 
need to know the behavior of in the limit u +00 .Taking this limit 
we obtain 



q^'ejiv) = e{v) q^-'-'e^iv)q'', 
q-^9]{v) = e{v) q^^''''9Jiv)q-'', 

q^'Oiiv) = e{v)-'q^+'--ei{v)q'', 
q-"ei{v) = e{v)-Y-'-'Oi{v)q-'', 

where 

e(v)= lim (20(M-t;)e-(""^+''/2)). 
It is obvious that these equations are self-consistent only if 

eiv) = 1. 

Supposing that this is true we also obtain the commutation relations between 
X and ^,thus, 





= g"-^' 


-'e^q"" 




= g^+i- 


-^eiq'' 


q^ej 


= g^+i- 


Ujq 




= g"-^' 


-'Oil'' 



(15) 



xe^- 




-^e]x = 


-u^ A q 0;+^g^, 


xei- 




-"e^x = 

n 


^n-i A O^-iq ^ , 


XB-- 


qn-r 


-^e]x = 


^n-i^^^0J^^q^ , 


X9i- 




-'eix = 


-UnX-^-^Oi^iq-"" 



It is easy to verify that these formulas are consistent with @and (H) if 
(p!OD is taken into account. 
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8 New variables ip. 



We can make our formulas more convenient if we introduce the new variables 
V' by 



0] = ^Jq^"", (17) 

-nH 



X^S; - = u;„_iA-Vr'' (18) 



9 Transfer matrix in the new variables. 

Wc rewrite the Sklyanin transfer matrices in the new variables ip. The result 
suggests that the transfer matrices consist of two other objects. Replacing 
the old variables with the new ones , 



we obtain 



2j+l 2j+l _ \ _ 

hiy') = E A2"g-("+i)(^+i-'^)v^; A-'^g'=(^+^-'=VfeV^fe ^] (19) 

n=l \ fc=l / 

(here and after A = e"). We see that the transfer matrix consists of two 
independent structures. If we set 
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2j+l 

g-{u) ^ E (20) 

k=l 
2j+l 

n=l 

then the transfer matrix has the form 

2i+l 
n=l 

The new objects gj{u) and g'j{u) are remarkable because they are separately 
invariant with respect to the quantum algebra Uq{sl{2)), 

[gfiu),U,{sl{2))] = 0. 

We prove this formula after introducing of the ad X operator. 



10 TheadX operator. 

It is convenient to introduce a linear operator( we call it the adXoperator) 
such that the following properties hold 



adX(* + *') = adX(*) + adX(*') (21) 
and also if ^' and "if' have definite degrees, 

adX(^^') = adX(^)^' + g'^^§(*)^adX(*')> 

adX(^) = - g'^'^e^^^^X, (22) 
deg(^'^'') = deg(^') + deg(^'). 

By definition we set 

adX(^;) = XiPJ - q^+^-^^'iPJX = -uJnXqi^]^^ 

adX(^p = - = Un-iX-^i^]'^ 

adX(^^) = X^^ - g^+i->^X = cUn-iXi'i-i 

e^dXii^i) = X^^ - g2n-.-i^.x = -a;„A-ig-V^+i 
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(compare with (|T8[)). We define the degrees of these operators by 

deg(^;) = j + l-2n, 



deg(7/>;) = 2n-j-l, (23) 
deg(^^) = j + l-2n, 
deg(^/'^) = 2n-j-l, 



and also 



deg(X^V;) = degiij'J) -2N, 

deg(X^V^;) = deg{ij^)-2N, (24) 

deg(X^^^) = deg(7A^)+2iV, 

deg(X^^^) = deg(^^)+2iV. 

Pay your attention that applying the operator X to and ijj with upper 
index n decrease their degrees and conversely applying to the ones with lower 
index n increase their degrees. It is now easy to show that ad'X.{g^{u)) = 0. 

Indeed, 

2j+l 

a.dXg-{u) = 5: A-V^^+^-'^(adX(V^^)V'^ + g^+i-2V^adX(V^^)) 
fc=i 

k=l 
= 0. 

Because deg{gf{u)) = 0, we have Xgf{u) = gf{u)X. In fact, even more 
general statement 

[gHn),U,(sl(2))] = (i 



is true. 



11 Properties of the adX operator. 



Using properties (|2lD and (^21) of the operator adX it is easy to prove the 
identities 

_ N 

(adX)^(7/'^^^) = ^g"('i^g('^'')+"-^)C^(adX)^-"(V^^)(adX)"(V^^), 



n=0 
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n=0 

(adX)^(V'^) = ^(_l)n^n(deg(V^)+l-iV)^Ar^iV-n^A^n^ (25) 

n=0 
N 



n=0 



where 



" [nW.[N-n],\ 

is the g- binomial coefficient. We can observe a light difference in these for- 
mulas for ip and -i/S with the upper and lower indexes. 

12 Proof of the adX theorem in terms of 6 
operators. 

Using the definition of the operator ad X, we can obtain 

a„(adX)"-i(^j), (26) 
^l;i= 6„(adX)2^+i--(^^,.+0, 

c„(adX)2^+i-(^f+^), (27) 
i}i= c^,(adX)"-H^l), 

where 

cn = rifciV "(MZ+i-fe), = nfe=i(- A Q ^n^)- 

It is easy to verify that 



a„c„ = (-l)"-icj-igi-"A2(J+i-'^), 
= (-l)"-iu;-ig"-iA2("-^-i), 
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where 

2,7 

= n ^fe- 

k=l 

Therefore, 

Inserting this in the expression for gj{u), we obtain 

gj{u) = X-'V^^+'-' Wi 

k=l 

= u;-'X-'^^+'\^ X^(-l)"g'^(^-")(adX)2^-"(V^^,.+0(adX)'^(V^i). 

n=0 

It makes sense to compare this with the similar formula 

{adXy^{^|Ji^^M = Y: r^'^'^'N"^^-"^C72^(adX)2^-"(^^,.+0(adX)"(^l)- 

n=0 

Taking into account that if qP+^ = -1 then = 1 and ^±(^+1)'* = (-1)", we 
obtain the conclusion 

g;^,{u) = (^-U-2(^/2+^)//^(adX)^(<^,V^?/^). (28) 

Similarly, we have 

2j+l 

g+{u) = J2 A2"g-("+^)(^+^-'^V>; (29) 

n=l 

= (-l)'^c^-U2(^+^)g^(2^+^)£(-l)-'*g"(^+")(adX)2^-"(V'j)(adX)"(i/;f+') 

n=0 

for gj~{u); as above if g^"*"^ = —1, we obtain 

^/2(«) = (-l)^c.-U^(-/^+^)/(^+^)/^(adX)^(^;/,^^7,^). 
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If qP^^ = — l,we can use (^) and adXlg^ (u)) = to rewrite formula (p!9|) 
for the transfer matrix tp/2{u) if as 

tp/2iu) = (adXr(Gp/2(M)), (30) 

where we introduce the notation 

G,/,{u) ^ i-iYuj-'X-(p/^^^)qPiP^m (^1/^ ^-^(^) ^P+l) (31) 

Because of property (pSj) of adx and because q^^^ = — 1 imphes = 1, 
we can also rewrite (^OD as 

tp/2{u) = f]X^-"Gp/2(w)X^ (32) 

n=0 

We have thus proved in fact our main result ( the adX theorem) . In the 
next section we return from the "virtual" variables ip and to the variables 
L and L. 

13 Return to L and L. 

By returning from the variables ip and ip to the variables L and L in (|3l|) , 
we can easily show that 

P+i 

k=l 

Although we have proved the main theorem using intermediate calcula- 
tions with the "virtual" operators 6, which somehow do not exist, this proof 
is nevertheless valid . Indeed, to prove Eg . (|3^) , we could permute the opera- 
tor X with the entire L and L to the right without splitting L and L to the 
operators 6 . Thus acting, we would not meet these operators at all, but the 
result of this permutation must be the same( and Eq. ( P^D must be fulfilled) 
because of the associativity of the Zamolodchikov algebra. 

This completes the proof of the adX theorem. 
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